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In this work, we consider an Ising model which allows spin-spin interaction in the systems.
We assume that two-level quantum systems are randomly located in N nodes of a complex
annealed scale-free network described by the Barabasi-Albert model. It is defined by the
power-law degree distribution of nodes. We consider the mean-field approach to the sys-
tem described by the Ising Hamiltonian. At a certain level, the system is totally characterized

by the order parameter S:. It contains a critical inverse temperature 3, which depends on
parameter (> as the ratio of the second to the first moment of the degree distribution. We
have found that for {p, that exceeds its critical value {z.¢, high temperature phase transition
occurs that can be explained by the hubs and clusters which appear in scale-free networks.
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1. INTRODUCTION

During recent years, due to developing quantum technol-
ogies, there has been a growing interest in the study of
phase transitions (PTs), as well as the impact of various
nonlinear effects on it [1,2].

The nonlinearity, as usual, is really small even in an
interacting gas of particles. However, as will be demon-
strated in this work, if the particles are “packed” in a spe-
cial way, such nonlinearity can play a very important role.

The Ising model (IM) presented in this work possess
nonlinear features due to spin-spin interaction. Spins are
localized in each node of the graph that leads to inhomo-
geneous spin-spin interaction across the network. Thus,
during the propagation of an external magnetic field, the
features of the network — such as the degree distribution
function of nodes, which is determined by the type of
structure — are still taken into account.

The IM is intensively used in many areas of physics
[3] and beyond [4-6]. Typically, the collective spin com-
ponent S, =+>o; represents order parameter for

various Ising-like models [3]; ©; is z component of i-th
particle spin, N is a number of particles. The S, demon-
strates second order PT from paramagnetic (non-ordered
state with S, =0) to ferromagnetic (fully ordered state
with |S.|=1).

In this work we consider a general approach to the
problem of PTs arising in the network structure and
caused by the network finite size effect and nonlinear ef-
fects. We investigated the influence of the node degree
distribution moments on the PTs in a network structure
with a power distribution of degrees of nodes using the
adapted Barabasi-Albert algorithm.

We used the mean field approximation for the IM de-
fined on graph structures and obtained an equation for one
of the order parameters of the system. This expression al-
lows us to establish the condition of the PT from the para-
magnetic state to the ferromagnetic one. We obtained crit-
ical values of PT temperatures with an external magnetic
field and without one. As a result, we are going to establish
a clear relationship between the temperature of the system
and the statistical properties of the network.
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2. METHODS. THE ISING MODEL

We started with the IM defined on annealed networks. It
was assumed that two-level quantum systems are ran-
domly located in N nodes of a complex network (see
Fig. 1). The Hamiltonian of the system is given as [7]:
H=- > J, 000" —%Zhicsf, i,j=1,..,N, (1)
7 i

where #, is a parameter characterizing the interaction of
i-th spin with an external magnetic field. The first term in
Eq. (1) characterizes interaction between spins and is de-
scribed by J;; parameter. In fact, J; determines the topology
of the interaction of spins. For the sake of simplicity, we set
h, = h for arbitrary i (hereafter we put the Planck and Boltz-
mann constants: 7 =1, k, =1, for brevity).

In quantum optics Hamiltonian (1) may be realized by
means of set of coupled microcavities (micropillars)
which contain quantum dots as a two-level (spin-like) sys-
tems (TLS) [8]. Since microcavities and quantum dots
pose various decoherence mechanisms we assume that

strong coupling between TLS and quantized field is ful-
filled [9]. Such a condition allows to consider whole sys-
tem as thermodynamically equilibrium, as it is assumed
with exciton-polariton Bose-Einstein condensates; see,
e.g., Ref. [10].

3. COMPLEX NETWORK STRUCTURES

Networks are widely distributed in nature and used in vari-
ous technical applications and society, thus attracting atten-
tion of researchers from various fields of science [11-14].
A system with a network architecture is displayed as a
graph, which is a convenient way to determine the rela-
tionship between a group of elements. It consists of a set
of objects called nodes connected by links (edges). Graphs
are quite useful because they represent a mathematical
model of network structures. The structure (configuration)
of the connections between them defines the topology (ar-
chitecture) of networks. In real networks, the topology of
links is usually irregular, but at the same time it is not ran-
dom. Networks with such features are usually called com-
plex networks.
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Fig. 1. Power-law degree distribution networks for (a) y = 1.5, (b) y =2.5, (c) y =4, which correspond to anomalous, scale-free and
random regimes, respectively, (d) power-law degree distributions in a logarithmic scale for the networks given in (a—c). The number

of nodes is N = 500.
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Typically, a network is defined as an ensemble con-
sisting of a finite number of N spins 1/2 (such as electrons)
placed in nodes [15], where each particle occupies only
one node. The topology is defined by J; parameter, which
stores information about the graph structure. In this work
we use the annealed network approach, which assumes a
weighted, fully connected graph model. We recast param-
eter J; that indicates the coupling between the nodes in
Eq. (1) through probability p, as J, =Jp,, where J is a
constant, and p; is the probability for two nodes i and j to
be connected:

ki,
ON(kY

Py ()
where k; is i-th node degree, which indicates an expected
number of the node neighbors and is taken from distribu-
tion p(k); (k) =+-Zk; is an average degree. Noteworthy,
the annealed network approach is valid for p; <<l and
large enough N [16]. Thus, the strength of two spins inter-
action J;; is a variable parameter and depends on particular
network characteristics; it is greater for two pairs of nodes
with the highest & coefficient.

In practice, different approaches provide an explana-
tion for a real-world network topology [17]. Such net-
works may exhibit the power-law degree distribution.
Since the number of nodes is large enough (N >> 1) we are
interested in network structures, which admit continuous
degree distribution of nodes p(k) determining the proba-
bility that a randomly selected node has a certain number
of connections k.

This work considers a scale-free network architecture
described by the Barabasi-Albert model [17]. It is defined
by the power distribution of the degree of nodes as:

-1k
pli) = O k3 &)

where y is the exponent, and k,,,, is a minimal connectivity
found in the network with given distribution.

An important feature of a scale-free network is the
presence of hubs. The largest node is described by the de-
gree k£, and obeys a condition called the natural cutoff:

+00 1
J.p(k)dkzﬁ. (4)
knm,\

It can be used if the network with N nodes possess
more than one node with k>k__. From Eq. (4) we obtain

max

=k, N"". )

max min

Fig. 1d shows probability distribution function (3)
plotted in a logarithm scale for the networks which are
shown in Figs. 1a—c. The node degree fluctuations grow at

y<3. Hubs in Fig. 1d appear as colored dots in the upper
right corner of the plot.

The number of hubs and their size dramatically in-
crease with vanishing y in the anomalous regime where
k,.'k,, >N (see Fig.la and the magenta line in
Fig. 1d).

The main characteristics of the network architecture
may be characterized by means of the first ((k)) and the

n-th ((k")) moments. The n-th moment is calculated as:

‘ma;

K ="y = [ K p(k)d, ©6)

k,

‘min

where 7 is a positive integer. In this work, we are inter-
ested in the first and normalized n-th order (n = 2,3,4) de-
gree correlation functions which are defined as

K(ﬂ)

G0 =~

Ik n=2,3,4. (7)

Eq. (7) defines the main statistical values for the selected
network.

Remarkably, the n-th order correlation functions de-
fined in (6) diverge at y=1. On the contrary, their combi-
nation T=[K"T K /[K®T remains finite. According to
the network theory [13], the power distribution has the fol-
lowing regimes. In anomalous (1 <y <2) and scale-free
(2 <y <3) regimes scale-free network possesses a set of
topological features (for example, clusters and hubs) that
support ordered state for IM; y > 3 corresponds to random
regime. It is known, that for random regime the difference
in k and {, disappears [12,13].

4. PHASE TRANSITION

In this work the mean-field approach to the system de-
scribed by the Ising Hamiltonian (1) was considered. Such
an approach presumes calculation of partition function
Z(T)= Tr[e‘”’r] with Eq. (1), neglecting quantum corre-
lations which occur between the spins; 7 is a temperature
parameter that is relevant to whole ensemble of spins; see
Refs. [3,7]. At certain level, the system is totally charac-
terized by the order parameter S_ defined as

1 V4
S:: _Wzki<ci>ﬂ (8)

that represents a weighted average spin component [7].
Collective variable S_ obeys self-consistent equation:

1 B
S =— [ kp(k)tanh [— 4JSk+h }dk, )
(k) kj ) 2 ( )

where B =1/T is inverse temperature. Eq. (9) uses integral
form instead of summation.



Phase Transitions in Ising Model Defined on Complex Networks

19

At high temperatures and non-zero external field,
Eq. (9) admits non-zero solution for collective spin com-
ponent S_. This solution corresponds to some ferromag-
netic phase with S, # 0. Critical inverse temperature f3,
which provides this solution, is determined from Eq. (9)
and obtained as

R
2J¢,’

B. (10)
where parameter C, is defined in Eq. (7).
Simultaneously, large number of hubs can manifest the
activity of spins. In this limit £, is also large enough and
corresponds to high temperature of PT 7. Critical temper-
ature 7, becomes too large (B, = 0) in the vicinity of y=1
where C, rapidly increases; see Fig. 2a. In the opposite
case, for large degree exponent y parameter , approaches
k,,, and critical temperature becomes T,  k, .
Remarkably, similar arguments are still true in the
mean-field approximation if we neglect degree correla-
tions in the network and put in Eq. (10) £, = (k), which
leads to

T, =2J{k). (11)

Egs. (10), (11) play an important role in PT occurring
in the finite-size IM. They establish a strong connection
between the system temperature and network statistical
features. For a given temperature 7 the critical value C-32,c‘
is determined from (10) as

T

C2,c = 5

(12)
Then, we approximate tanh(x) function in Eq. (9) as
tanh(x) ~ x —1x’, where x = %(4JSzk+h). In this limit
Eq. (9) can be represented in the form

alSz—asz+%=0, (13)

where coefficients o, and o, are defined as:

_ G _t &
Cs. T3,

>

o

(14)

From Eq. (13) in the vicinity of critical point §, =G,
and for & =0 we get:

i é i_ 12
SH@ lﬂ ’ -

where 1 is defined in Sec. 3.
The features of parameter t may be inferred from
Fig. 2a. The magnitude of t is finite at y = 1 and has its max-

imum value at vy, = %[mN +2-InN(nN —4)},
which implies y, . ~2.25 for the networks with N =500

10" F1
|
|
‘|
108 ||
=~ 'l
= 1
=, 1o |
Ny \
C and \
A 10
x
Y
10?
10° N
1.5 2 25 3 35 4 45 5
i
7 (b)
10
108 :1:;!'
y=25
=35
10° / -7
o //
A 104
A I
-
v o10° ) 7 7
102
10" F - - . -
500 1000 1500 2000 2500 3000

Fig. 2. Dependence of (a) k, T, C,, C, and £, on degree exponent
yfork,, =2,N=500,and (b) C, (dash line) and (k) (solid lines)
on N for k. =2, and different values of y. Both figures are plot-

min

ted in logarithmic scale.

nodes given in Figs. 1 and 2a, respectively. For Ising spin
system determined by Hamiltonian (1) Eq. (15) establishes
the second order PT from paramagnetic state (S, =0) to

ferromagnetic one (S, # 0), which occurs if normalized de-
gree correlation function obeys the condition G, >, . For

social network systems, such a PT indicates transformation
from disorder to some ordered state. Hence, PT for the ana-
lyzed IM appears only due to finite size effects [17,18].
The main features of spin network are presented in
Fig. 2b establishing behavior of average node degree k and
correlation functions £, (n=2,3,4) and t. These features
are well distinguishable within anomalous (1 <y <2) and
scale-free (2 <y <3) regimes, respectively. On the other
hand, differences in , behavior vanish for large y; in this
limit the parameter t responsible for some combination of
degree correlation functions goes to unity (see Fig. 2b).
Remarkably, power-law degree distribution network
parameter ¢, is the function of number of nodes N. The
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dependence of £, on N for various y is demonstrated in
Fig. 2b. As we can see, {, grows within the anomalous
domain of y. Therefore, all networks, which possess a
growing number of hubs (decreasing y), promote the oc-
currence of some ordered state.

In the presence of non-vanishing external (pump)
field i for £, — C, . the order parameter may be obtained
as:

o[ 3 P _( 8}
g, ) \4um, )

where we assume =1 and ¢, = (k) . The Eq. (16) rep-
resents the dependence of order parameter on degree ex-
ponent vy for scale-free networks; see Fig. 2.

(16)

5. CONCLUSION

In this work, we studied the features of the formation of a
network structure with a power-law distribution of degrees
of nodes using the adapted Barabasi-Albert algorithm un-
der the condition of the Ising model. Since this work uses
the mean field approximation, assuming that each spin is
affected by the mean field from the other spins, we inves-
tigated how to build a more accurate model using this ap-
proximation.

We obtained an equation for the order parameter of the
system determining the weighted average spin component.
This expression allows us to establish the condition of the
PT from the paramagnetic state to the ferromagnetic one.
Critical values of PT temperatures are obtained in the pres-
ence and absence of an external field. The resulting equa-
tions establish a clear relationship between the tempera-
ture of the system and the statistical properties of the
network. This research opens new possibilities for explor-
ing macroscopic quantum states of matter for the develop-
ment of new materials as well as for the development of
new algorithms for information processing.
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da3oBble nepexoabl B Moaeau 3uHra, onpeaesieHHONH HA CJI0KHBIX
ceTsax

M. Hukutnna, A. baxeHoB

WHCTHTYT NepCTIeKTUBHEIX CHCTEM IIepefadu aHHbX, YHuBepcuter UTMO, Kporsepkekuii mip., 49, smt. A, Cankr-IlerepOypr,
197101, Poccus

AnHoTanus. B nannoii pabote paccmarpuBaeTcst Mojenb M3unra, qomyckaromas B CHCTeMe CITUH-CITHHOBOE B3auMozeicTaue. [Ipen-
TI0JIaTaeTcsl, YTO ABYXYPOBHEBEIE KBAHTOBEIE CHCTEMBI CITyJaiHBIM 00pa30M pactoIoKeHsI B N y371axX CI0KHOI OTOXKEHHOH Oe3Mac-
mraGHOM ceTH, onuckBaeMoi MoJenblo bapabamm-Ansbepra. CeTh XapakTepu3yeTcst CTEIICHHBIM paclpeiefICHHEM CTEIICHEeH Y3II0B.
B pabore paccmarpuBaeTcs IOAX0]] CPEAHETO TOJIs K cucteMe M3unra. B pamkax JaHHOTO IOAX0/1a CHCTEMa IOJHOCTBIO XapaKTepH-
3yeTcst MapaMeTpoM IopsaKa S; ¥ KpUTHIECKOH 00paTHOH TeMnepaTypoi [, KOTopasi 3aBUCUT OT IapameTpa {2 Kak OTHOIICHHUS IIep-
BOTO ¥ HOPMHPOBAHHOTO /-TO MOMEHTOB pacIpeieNIeHus CTeeHel y3110B. bputo o6HapykeHo, 4TO TIPH NPEBBIICHUH apaMeTpoM (2
CBOETO KPUTHUUECKOTO 3HAUCHUS (2, IPOMCXOJUT BBICOKOTEMIIEPATYPHBIH (pa30BEIN Mepexo, KOTOPBI MOXKET OBITh 00bsCHEH XabaMu
U KJIACTePaMH, KOTOPHIE MOSBIIIOTCS B 0€3MacIITa0HBIX CETSX.

Kniouesvie cnosa: monens M3unra; azoBble mepexobl; CI0XKHBIE CETh; MUKPOPE30HATOPHI; HAHOMATEPHAJIb



